Abstract. Let C be a triangulated category with a cluster tilting subcategory T . We introduce the notion of T [1]-cluster tilting subcategories (also called ghost cluster tilting subcategories) of C , which are a generalization of cluster tilting subcategories. We first develop a basic theory on ghost cluster tilting subcategories. Secondly, we study links between ghost cluster tilting theory and τ -tilting theory: Inspired by the work of Iyama, Jørgensen and Yang [IJY], we introduce the notion of τ -tilting subcategories and tilting subcategories of modT . We show that there exists a bijection between weak T [1]-cluster tilting subcategories of C and support τ -tilting subcategories of modT . Moreover, we figure out the subcategories of modT which correspond to cluster tilting subcategories of C . This generalizes and improves several results by AdachiIyama-Reiten [AIR], Beligiannis [Be2], and Yang-Zhu [YZ]. Finally, we prove that the definition of ghost cluster tilting objects is equivalent to the definition of relative cluster tilting objects introduced by the first and the third author in [YZ].
Introduction
In 2012, Adachi-Iyama-Reiten [AIR] introduced the τ -tilting theory for finite dimensional algebras. As a generalization of classical tilting theory, it completes tilting theory from the viewpoint of mutation. Nowadays the relationships between τ -tilting theory and the various aspects of the representation theory of finite dimensional algebras have been studied. In 2013, Iyama-Jørgensen-Yang [IJY] gave a functor version of τ -tilting theory. They considered modules over a category and showed for a triangulated category C with a silting subcategory S, there exists a bijection between the set of silting subcategories of C which are in S * S[1] and the set of support τ -tilting pairs of modS.
Cluster-tilted algebras, as the endomorphism algebras of cluster tilting objects in cluster categories, were introduced by Buan-Marsh-Reiten [BMR] . The authors showed that the module category of a cluster-tilted algebra is equivalent to the quotient category of cluster category C by the cluster tilting object T , i.e. C /[T [1]] ∼ − − → mod End T . Actually, the equivalence above still holds for more general cases. It was proved that for a triangulated category C with a cluster tilting subcategory T , there is an equivalence [KR, KZ, IY] 
Then we have a functor from C to mod T , which is denoted by H. Under this functor, a series of papers investigate the relationships between objects in C and modules in mod T (see for example [Sm, FL, HJ, Be2] ). Especially Adachi-Iyama-Reiten [AIR] established a bijection between cluster tilting objects in a 2-Calabi-Yau triangulated category and support τ -tilting modules over a cluster-tilted algebra (see also [CZZ, YZZ, YZ] for various versions of this bijection). It is natural to ask which class of subcategories of C correspond bijectively to support τ -tilting subcategories of mod T for higher Calabi-Yau triangulated categories or arbitrary triangulated categories.
Motivated by this question and the bijection given by Iyama-Jørgensen-Yang [IJY] , we introduce the notion of T [1]-cluster tilting subcategories (also called ghost cluster tilting subcategories) of C , which are a generalization of cluster tilting subcategories. The first part of our work is to develop a basic theory of ghost cluster tilting subcategories of C . Some intrinsic properties and results on ghost cluster tilting subcategories will be presented. Inspired also by Adachi-IyamaReiten [AIR] and Iyama-Jørgensen-Yang [IJY] , we introduce the notion of τ -tilting subcategories and tilting subcategories of modT . The second part of our paper is to give some close relationships between certain ghost cluster tilting subcategories of C and some important subcategories of modT . Here is the main result in the second part. Consequently, we also figure out the subcategories of mod T which correspond to cluster tilting subcategories of C . This generalizes and improves several results in the literature. This also answers the question above.
When ghost cluster tilting subcategories have additive generators, we call these additive generators in C ghost cluster tilting objects. Comparing with the definition of relative cluster tilting objects in [YZ] , the last part of this paper aims to show that ghost cluster tilting objects are exactly relative cluster tilting objects introduced in [YZ] provided that C has a Serre functor.
The paper is organized as follows. In Section 2, we recall some elementary definitions and facts that will be used frequently, including cluster tilting subcategories and support τ -tilting subcategories. In Section 3, we will develop a basic theory of ghost cluster tilting subcategories of C . In Section 4, we explore the connections between ghost cluster tilting theory and τ -tilting theory. In the last section, we show that the definition of ghost cluster tilting objects is equivalent to relative cluster tilting objects in [YZ] provided that the ambient category C has a Serre functor.
We conclude this section with some conventions.
Throughout this article, k is an algebraically closed field. All modules we consider in this paper are left modules. Let C be an additive category. When we say that D is a subcategory of C , we always assume that D is a full subcategory which is closed under isomorphisms, direct sums and direct summands. We denote by [D] the ideal of C consisting of morphisms which factor through objects in D. Thus we get a new category C /[D] whose objects are objects of C and whose morphisms are elements of
For any object M , we denote by addM the full subcategory of C consisting of direct summands of direct sum of finitely many copies of M and simply denote
. Let X and Y be subcategories of C . We denote by X ∨ Y the smallest subcategory of C containing X and Y . For two morphisms f : M → N and g : N → L, the composition of f and g is denoted by gf : M → L.
If any object in C has a right D-approximation, we call D contravariantly finite in C . Dually, a left D-approximation and a covariantly finite subcategory are defined. We say that D is functorially finite if it is both covariantly finite and contravariantly finite. For more details, we refer to [AR] .
For any triangulated category C , we assume that it is k-linear, Hom-finite, and satisfies the Krull-Remak-Schmidt property [Ha] . In C , we denote the shift functor by [1] and for objects X and Y , define Ext
For an object X, |X| denotes the number of non-isomorphic indecomposable direct summands of X.
Background and preliminary results
In this section, we give some background material and recall some results that will be used in this paper.
2.1. Cluster tilting subcategories and relative cluster tilting objects. Let C be a triangulated category. An important class of subcategories of C are the cluster tilting subcategories, which have many nice properties. We recall the definition of cluster tilting subcategories from [BMRRT, KR, KZ, IY] .
Definition 2.1.
(
it is rigid and maximal with respect to
the property:
Remark 2.2. In fact, Koenig and Zhu [KZ] indicate that a subcategory T of C is cluster tilting if and only if it is contravariantly finite in C and T = {M ∈ C | Ext 1 C (T , M ) = 0}. For two subcategories X and Y of C , we denote by X * Y the collection of objects in C consisting of all such M ∈ C with triangles
where X ∈ X and Y ∈ Y .
Recall from [BK] that C has a Serre functor S provided S : C → C is an equivalence and there exists a functorial isomorphism
for any A, B ∈ C , where D is the duality over k. Thus C has the Auslander-Reiten translation
We have the following result [KR, KZ, IY] , which will be used frequently in this paper.
If there is a cluster tilting object T in C , then any cluster tilting subcategory T ′ is of the form add T ′ for some cluster tilting object T ′ , and the numbers of the non-isomorphic indecomposable direct summands of T, and T ′ are the same [YZZ] . We denote this number by r(C ), which is called the cluster rank of the triangulated category C . When C is 2-Calabi-Yau, we can define the mutation of cluster tilting objects. In order to generalise it in a more general triangulated category, Yang and Zhu [YZ] introduced the notion of relative cluster-tilting objects in triangulated categories.
Definition 2.4. Let C be a triangulated category with a Serre functor and with cluster tilting objects.
• An object X in C is called ghost rigid if there exists a cluster tilting object T such that Throughout this paper, we denote by
2.2. Support τ -tilting modules and support τ -tilting subcategories. Let Λ be a finite dimensional k-algebra and τ the Auslander-Reiten translation. We denote by projΛ the subcategory of modΛ consisting of projective Λ-modules. Support τ -tilting modules were introduced by Adachi, Iyama and Reiten [AIR] , which can be regarded as a generalization of tilting modules.
Definition 2.5. Let (X, P ) be a pair with X ∈ modΛ and P ∈ projΛ.
is said to be a support τ -tilting pair if it is a τ -rigid pair and |X| + |P | = |Λ|. In this case, X is called a support τ -tilting module.
Throughout this paper, we denote by τ -rigidΛ the set of isomorphism classes of basic τ -rigid pairs of Λ, and by sτ -tiltΛ the set of isomorphism classes of basic support τ -tilting Λ-modules.
The following proposition gives a criterion for a τ -rigid Λ-module to be a support τ -tilting Λ-module. 
In 2013, Iyama, Jørgensen and Yang [IJY, Definition 1.3] extended the notion of support τ -tilting modules for finite dimensional algebras over fields to that for essentially small additive categories. Let T be an additive category. We write Mod T for the abelian category of contravariant additive functors from T to the category of abelian groups and mod T for the full subcategory of finitely presented functors, see [Au1] . 
, where M is a τ -rigid subcategory of mod T and E ⊆ T is a subcategory with
2.3. From triangulated categories to abelian categories. In this subsection, we assume that T is a cluster tilting subcategory of a triangulated category C . A T -module is a contravariant k-linear functor F : T → Modk. Then T -modules form an abelian category ModT . We denote by modT the subcategory of ModT consisting of finitely presented T -modules. It is easy to know that modT is an abelian category. Moreover the restricted Yoneda functor
is homological and induces an equivalence
The following results are crucial in this paper. [Au1] For N ∈ Mod T and T ∈ T , there exists a natural isomorphism
(iii) [KR, KZ, IY] The functor H from (i) induces an equivalence
and mod T is Gorenstein of dimension at most one.
Proof. Since T is cluster tilting, for any object C ∈ C , there exists a triangle
where T 0 , T 1 ∈ T . Applying the functor H to the above triangle, we get an exact sequence
This shows that H(C) ∈ modT .
If there exists an object T ∈ C such that T = addT , we obtain the following.
Corollary 2.9. Let T be a cluster tilting object in C and Λ = End induces an equivalence
This equivalence gives a close relationship between the relative cluster tilting objects in C and support τ -tilting Λ-modules. 
←→ sτ -tiltΛ.
Ghost cluster tilting subcategories
In this section, our aim is to develop a basic theory of ghost cluster tilting subcategories in a triangulated category with cluster tilting subcategories. We first give the definitions of related subcategories and then discuss connections between them.
Definition 3.1. Let C be a triangulated category with a cluster tilting subcategory.
In this case, X is also called maximal T [1]-rigid. (iii) A subcategory X in C is called weak ghost cluster tilting if there exists a cluster tilting subcategory T such that T ⊆ X [−1] * X and
X = {M ∈ C | [T [1]](M, X [1]) = 0 and [T [1]](X , M [1]) = 0 }.
In this case, X is also called weak T [1]-cluster tilting. (iv) A subcategory X in C is called ghost cluster tilting if X is contravariantly finite in C
and there exists a cluster tilting subcategory T such that
In this case, X is also called
Remark 3.2. We will show in the last section that ghost cluster tilting objects are exactly the relative cluster tilting objects defined by the first and the third author in [YZ] .
From now on to the end of the section, we prove some properties of ghost cluster tilting subcategories. We first give an observation. Proof. Let X be an arbitrary cluster tilting subcategory in C . Clearly, X is contravariantly finite and
T is cluster tilting, there exists a triangle
where T 0 , T 1 ∈ T . Take a left X -approximation of T 0 and complete it to a triangle
where X 1 ∈ X . Since X is cluster tilting, we know that X 2 ∈ X . By the octahedral axiom, we have a commutative diagram
of triangles. We claim that x is a left X -approximation of T 1 . Indeed, for any morphism
Since u is a left X -approximation of T 0 and X ′ ∈ X , there exists a morphism γ : X 1 → X ′ such that β = γu and then α = γ(uf ) = γx. This shows that x is a left X -approximation of T 1 . Note that X is cluster tilting. Thus N ∈ X . Since
This shows that the triangle
splits. It follows that M is a direct summand of N and then M ∈ X . Thus
The following example shows that ghost cluster tilting subcategories need not be cluster tilting.
Example 3.4. Let A = kQ/I be a self-injective algebra given by the quiver
and I = αβαβ, βαβα . Let C be the stable module category modA of A. This is a triangulated category whose Auslander-Reiten quiver is the following:
where the leftmost and rightmost columns are identified. It is easy to see that
is a cluster tilting subcategory of C . Note that
In order to give a precise relation between cluster tilting and ghost cluster tilting subcategories, we assume that C has a Serre functor S [BK] . We recall that
The following result gives a characterisation of cluster tilting subcategories in term of ghost cluster tilting subcategories, which implies that in 2-Calabi-Yau triangulated categories, ghost cluster tilting subcategories coincide with cluster tilting subcategories.
Theorem 3.5. Let C be a triangulated category with a Serre functor S and a cluster tilting subcategory. Then F -stable ghost cluster tilting subcategories of C are precisely cluster tilting subcategories.
To prove this theorem, we need the following easy observation.
Lemma 3.6. For two objects M and
Proof. Using similar arguments as in the proof of Proposition 3.4 in [YZ] . Now we are ready to prove Theorem 3.5.
It follows from Theorem 2.3 and Proposition 3.3 that cluster tilting subcategories are F -stable ghost cluster tilting. Now prove the other direction. Let X be a T [1]-cluster tilting subcategory satisfying F X = X , where T is a cluster tilting subcategory. It follows that τ C X = X [1].
(1) We show that X is a rigid subcategory of C . For any two objects M, N ∈ X , since X is
By Lemma 3.6, equalities (3.1) and (3.2) imply that
Note that X is contravariantly finite. It follows from Remark 2.2 that X is a cluster tilting subcategory of C .
From Definition 3.1, any ghost cluster tilting subcategory is a contravariantly finite maxiaml ghost rigid subcategory. Now we prove the converse holds, which generalizes a result [ZZ, Theorem 2.6 ].
Theorem 3.7. Let C be a triangulated category with a cluster tilting subcategory T . Then ghost cluster tilting subcategories are precisely contravariantly finite maximal ghost rigid subcategories.
To prove Theorem 3.7, we shall need the following result.
if there is a triangle:
M [−1] f −→ T 0 g −→ X 0 h −→ M such that X 0 ∈ X and g : T 0 −→ X 0 is a left X -approximation of T 0 , then M ∈ X . (b) Let X be a maximal T [1]-rigid subcategory in C . For T 0 ∈ T ,
Proof. We only prove part (a), the proof of part (b) is similar. For any
, there are two morphisms y 1 : X 2 [−1] → T 2 and y 2 : T 2 → M such that y = y 2 y 1 , where T 2 ∈ T and X 2 ∈ X . Since f [1]y 2 = 0, there exists c :
Using equalities (3.3), (3.4) and (3.5), we get [
We have the following direct consequences.
Corollary 3.9. Let T be a cluster tilting subcategory in a triangulated category C and X be a covariantly (or contravariantly) finite maximal T [1]-rigid subcategory. Then
Corollary 3.10. Let C be a triangulated category with a cluster tilting subcategory T . Then ghost cluster tilting subcategories are weak ghost cluster tilting subcategories.
Proof. This follows from Theorem 3.7 and Corollary 3.9.
The following example shows that the converse is not true.
Example 3.11. Let C be a cluster category of type A ∞ in [HJ, Ng] . The AR-quiver of C is as follows: Now we are ready to prove Theorem 3.7.
(1) Assume that X is a T [1]-cluster tilting subcategory. If there exists an object M ∈ C such that
Since X is T [1]-cluster tilting, we obtain M ∈ X .
(2) Assume that X is a contravariantly finite maximal T [1]-rigid subcategory in C . Clearly,
where T 0 , T 1 ∈ T . By Corollary 3.9, there exists a triangle
where X 1 , X 2 ∈ X . Since X is T [1]-rigid, we have that u is a left X -approximation of T 0 . By the octahedral axiom, we have a commutative diagram
of triangles. Using similar arguments as in the proof of Proposition 3.3, we conclude that x is a left X -approximation of T 1 . By Lemma 3.8, we have N ∈ X . Since
splits. It follows that M is a direct summand of N and then M ∈ X . Hence X is T [1]-cluster tilting.
As an application of the above theorem, we have the following. Proof. This follows from Lemma 3.6 and Theorem 3.7.
We give a characterization of weak ghost cluster tilting subcategories.
Theorem 3.13. Let C be a triangulated category with a cluster tilting subcategory T , and X a subcategory of C . Then X is a weak ghost cluster tilting subcategory if and only if X is a maximal ghost rigid subcategory such that
Proof. Using similar arguments as in the proof of Theorem 3.7.
We conclude this section with a picture illustrating the relationships between ghost cluster tilting subcategories and related subcategories:
cluster tilting ghost cluster tilting 
Connection with τ -tilting theory
Throughout this section, we assume that C is a k-linear, Hom-finite triangulated category with a cluster tilting subcategory T . It is well-known that the category modT of coherent T -modules is abelian. By Theorem 2.8, we know that the restricted Yoneda functor H : C → modT induces an equivalence
In this section, we investigate this relationship between C and mod T via H more closely. 4.1. On the relationship between ghost cluster tilting and support τ -tilting. In this subsection, we give a direct connection between ghost cluster tilting subcategories of C and support τ -tilting pairs of modT . We start with the following important observation.
Lemma 4.1. Let C be a triangulated category with a cluster tilting subcategory T and X a subcategory of C . For any object X ∈ X , let
be a triangle in C with T 0 , T 1 ∈ T . Then applying the functor H gives a projective presentation
and X is a T [1]-rigid subcategory if and only if the class
Proof. It is easy to see that H applies to the triangle (4.1) gives the projective presentation (4.2).
By Theorem 2.8(ii), the map Hom mod T π H(X) , H(X ′ ) , where X ′ ∈ X is the same as 
Since Hom C (f, X ′ ) is surjective, there exists a morphism c :
Conversely, assume that X is a T [1]-rigid subcategory. For any morphism x :
This shows that Hom C (f, X ′ ) : Hom C (T 0 , X ′ ) → Hom C (T 1 , X ′ ) is surjective. By the above discussion, we know that the class { π H(X) | X ∈ X } has Property (S).
The following result plays an important role in this paper.
Theorem 4.2. Let C be a triangulated category with a cluster tilting subcategory T . The functor H : C → Mod T induces a bijection
from the first of the following sets to the second:
Proof.
Step 1: The map Φ has values in τ -rigid pairs of mod T .
Assume that X is a T [1]-rigid subcategory of C . Since T is a cluster tilting subcategory, for any X ∈ X , there exists a triangle in C
where T 0 , T 1 ∈ T . By Lemma 4.1, we have that H sends the set of these triangles to a set of projective presentations (4.2) which has Property (S). It remains to show that for any X ∈ X and X ′ ∈ T ∩ X [−1], we have H(X)(X ′ ) = 0. Indeed, since X is a T [1]-rigid subcategory, we have H(X)(X ′ ) = Hom C (X ′ , X) = 0.
This shows that H(X ), T ∩ X [−1] is a τ -rigid pair of mod T .
Step 2: The map Φ is surjective.
Let (M, E) be a τ -rigid pair of mod T . For each M ∈ M, take a projective presentation
such that the class { π M | M ∈ M } has Property (S). By Theorem 2.8(ii), there is a unique morphism f M :
has Property (S), it follows from Lemma 4.1 that the category
. Now we show that X is a T [1]-rigid subcategory of C . Let E ∈ E ⊆ T . Since T is cluster-tilting, we have
Applying the functor Hom C (E, −) to the triangle T 1
which is isomorphic to
The condition M(E) = 0 implies that Hom C (E, cone(f M )) = 0 and then
Thus the assertion follows.
Now we show that Φ(X ) = (M, E).
It is straightforward to check that T ∩ X 1 [−1] = 0. For any object X ∈ T ∩ X [−1], we can write X = X 1 [−1] ⊕ E ∈ T , where X 1 ∈ X 1 and E ∈ E. Since X 1 [−1] ∈ T ∩ X 1 [−1] = 0, we have X = E ∈ E. Thus we have T ∩ X [−1] ⊆ E. By the definition of τ -rigid pair, we have E ⊆ T .
Step 3: The map Φ is injective.
Let X and X ′ be two T [1]-rigid subcategories of C such that Φ(X ) = Φ(X ′ ). Let X 1 and X ′ 1 be respectively the full subcategories of X and X ′ consisting of objects without direct
Since C is Krull-RemakSchmidt, we have X 1 ≃ X ′ 1 . This implies that X 1 ⊆ X ′ 1 . Similarly, we obtain X ′ 1 ⊆ X 1 and then X 1 ≃ X ′ 1 . Therefore X = X ′ . This shows that Φ is injective. Our main result in this subsection is the following. Proof.
Step 1: The map Φ has values in support τ -tilting pairs of mod T .
Assume that X is a weak T [1]-cluster tilting subcategory of C . By Theorem 4.2, we know that Φ(X ) is a τ -rigid pair of mod T . Therefore
Let T ∈ T be an object of Ker H(X ), i.e. Hom C (T, X) = 0 for each X ∈ X . This implies that
By the definition of weak T [1]-cluster tilting subcategories, for any T ∈ T , there exists a triangle
where X 1 , X 2 ∈ X . Applying the functor H to the above triangle, we obtain an exact sequence
For any morphism a : T → X, where X ∈ X , since X is T [1]-rigid, we have ah[−1] = 0. So there exists a morphism b : X 1 → X such that a = bf . This shows that Hom C (f, X) is a surjective. Thus there exists the following commutative diagram.
Using Theorem 2.8(ii), the right vertical map is an isomorphism. It follows that •H(f ) is surjective, that is, H(f ) is a left H(X )-approximation. Altogether, we have shown that Φ(X ) is a support τ -tilting pair of mod T .
Let (M, E) be a support τ -tilting pair of mod T and let X be the preimage of (M, E) under Φ constructed in Theorem 4.2. Since H(X ) = M is a support τ -tilting subcategory, for each T ∈ T , there is an exact sequence
such that X 3 , X 4 ∈ X and α is a left H(X )-approximation. By Yoneda's lemma, there exists a unique morphism β : T → X 3 such that H(β) = α. Complete it to a triangle
Let X := X ∨ add{ Y T | T ∈ T } be the additive closure of X and { Y T | T ∈ T }. We claim that X is a weak T [1]-cluster tilting subcategory of C such that Φ( X ) = (M, E).
It is clear that T ⊆ X [−1] * X . It remains to show that
Applying the functor H to the triangle (4.5), we see that H(Y T ) and H(X 4 ) are isomorphic in mod T . For any object X ∈ X , consider the following commutative diagram.
By Theorem 2.8, the map H(−) is surjective and the right vertical map is an isomorphism. Because α is a left H(X )-approximatiom, •α is also surjective. Therefore Hom C (β, X) is surjective too.
For any morphism
Since Hom C (β, X) is surjective, there exists a morphism c :
, we know that there exist two morphisms x 1 : X[−1] → T 1 and x 2 : T 1 → Y T such that x = x 2 x 1 , where T 1 ∈ T . Since T is cluster tilting, we have δx 2 = 0. So there exists a morphism y : T 1 → X 3 such that x 2 = γy.
Since X is T [1]-rigid, we have x = x 2 x 1 = γ(yx 1 ) = 0. This shows that
For any T ′ ∈ T and morphism
, we know that there exist two morphisms
Since T is cluster tilting, we have δu 2 = 0. So there exists a morphism v : T 2 → X 3 such that u 2 = γv.
Using equalities (4.6), (4.7) and (4.8), we know that X is a T [1]-rigid subcategory.
Since T is a cluster-tilting subcategory, there exists a triangle
where T 5 , T 6 ∈ T . By the above discussion, for object T 6 ∈ T , there exists a triangle
where X 6 ∈ X , Y T 6 ∈ X and u is a left X -approximation of T 6 . For object T 5 ∈ T , there exists a triangle
where X 5 ∈ X , Y T 5 ∈ X and u ′ is a left X -approximation of T 5 . By the octahedral axiom, we have a commutative diagram
of triangles in C . We claim that x is a left X -approximation of T 5 . Indeed, for any d :
X Since u is a left X -approximation of T 6 , there exists a morphism k : X 6 → X such that ku = e. It follows that d = ef = kuf = kx, as required.
Since x is a left X -approximation of T 5 , by Lemma 1.4.3 in [Ne] , we have the following commutative diagram
where the middle square is homotopy cartesian and the differential ∂ = x[1] • w ′ , that is, there exists a triangle
splits. Hence M is a direct summand of N and then M ∈ X .
This shows that
This shows that Φ is surjective.
This follows from
Step 3 in Theorem 4.2.
For any support τ -tilting subcategory Y of mod T , by Theorem 4.3 there exists a unique weak T [1]-cluster tilting subcategory X of C such that H(X ) = Y . Throughout this paper, we denote the preimage X by H −1 (Y ) for simplicity. Consequently, we have the following result. 
Moveover, if C admits a Serre functor S, we get a bijection from the first to the second of the following sets. Proof. The first bijection follows from T [1]-cluster tilting subcategories of C are precisely contravariantly finite weak T [1]-cluster tilting subcategories, and the second bijection follows from Theorem 3.5.
4.2. τ -tilting subcategories and tilting subcategories. In this subsection, we assume that C is a triangulated category with a cluster tilting subcategory T . By definition we know that the category modT is abelian and has enough projectives. Thus we can investigate the projective dimension of an object M in modT , which we denote by pdM . For a subcategory D of modT , we say that the projective dimension of D is at most n, denoted by pdD ≤ n, if pdM ≤ n for any object M ∈ D.
Let X ∈ C , I X (T [1] ) be the ideal of T [1] formed by the morphisms between objects in T [1] factoring through the object X. For a subcategory D of C , we define the factorization ideal of D, denoted by I D (T [1] ), as follows
Theorem 2.8 indicates that mod T is Gorenstein of dimension at most one. Thus all objects in mod T have projective dimension zero, one or infinity. The following result characterizes the objects in modT having finite projective dimension. In this subsection, we introduce two important classes of subcategories of modT and give a connection with ghost cluster tilting subcategories and cluster tilting subcategories of C . We start with the following definition.
Definition 4.6. Let C be a triangulated category with a cluster tilting subcategory T .
A subcategory M of mod T is said to be weak tilting if the following three conditions are satisfied:
(T3) for any projective object P in modT , there exists a short exact sequence
A weak tilting subcategory M is called a tilting subcategory if it also satisfies the following additional condition: (T4) M is contravariantly finite in modT .
Remark 4.7. Beligiannis [Be1, Be2] indicates that a contravariantly finite subcategory M of modT is a tilting subcategory if and only if Now we give a close relationship between τ -tilting subcategories and weak tilting subcategories.
Lemma 4.9. Let C be a triangulated category with a cluster tilting subcategory T . Then any weak tilting subcategory of modT is a τ -tilting subcategory.
Proof. Let M be a weak tilting subcategory of modT .
(1) We first show that (M, 0) is a τ -rigid pair of modT . For any object M ∈ M, since pdM ≤ 1, we get a short exact sequence
Note that P 1 = 0 if pdM = 0. Applying the functor Hom modT (−, M) to it, we get an exact sequence
This means that there is a class of projective presentations {P 1
(2) We show that (M, 0) is a support τ -tilting pair of modT . For each object T ∈ T , T (−, T ) is a projective object in modT . Since M is weak tilting in modT , there exists a short exact sequence
Applying the functor Hom modT (−, M) to the above exact sequence, we have the following exact sequence:
This shows that f is a left M-approximation.
If M(E) = 0, where E ∈ T , by the above discussion, there exists an exact sequence
It follows that there exists an exact sequence
Since M 0 (E) = 0, we have T (E, E) = 0 and then E = 0. Therefore Ker (M) = 0. This shows that (M, 0) is a support τ -tilting pair of modT .
The following result gives a criterion for a τ -tilting subcategory of modT to be a weak tilting subcategory. Proof. Let M be a τ -tilting subcategory of modT and pdM ≤ 1. By Theorem 4.8, there exists a weak T [1]-tilting subcategory X of C whose objects do not have non-zero direct summands in T [1] such that H(X ) = M.
Step 1: We show that Ext 1 modT (M, M) = 0. Namely, Ext 1 modT (H(X ), H(X )) = 0. For any object X 1 ∈ X , since T is cluster tilting, there exists a triangle
where g is a minimal right T -approximation of X 1 and T 0 , T 1 ∈ T . Since H(X 1 ) ∈ M, we have pdH(X 1 ) ≤ 1. Applying the functor H to the above triangle, we have a minimal projective presentation
of H(X 1 ), since X 1 has no non-zero direct summands in T [1] and pdH(X 1 ) ≤ 1. Applying the functor Hom modT (−, H(X 2 )), where X 2 ∈ X to the above exact sequence, we get an exact sequence:
, H(X 2 )) = 0. The last item vanishes because H(T 1 ) is projective in modT . Note that the first map is isomor-
Applying the functor Hom C (−, X 2 ) to the triangle (4.9), we have the following exact sequence:
In particular, we have the following exact sequence:
2 ), we know that there exist two morphisms
Step 2: We show that for any projective object P in modT , there exists a short exact sequence
where M 0 , M 1 ∈ M. We may assume that P = T (−, T ) = H(T ) in modT , where T ∈ T .
Since T ∈ T ⊆ X [−1] * X , there exists a triangle
where X 3 , X 4 ∈ X . Applying the functor H to the above triangle, we have the following exact sequence:
That is to say, for any morphism y : T ′ → X 3 [−1], where T ′ ∈ T , we have uy = 0. Indeed, since T is cluster tilting, there exists a triangle
where β is a minimal right T -approximation of X 3 and T 2 , T 3 ∈ T . Applying the functor H to the above triangle, we have a minimal projective presentation 
It follows that uy = (uβ[−1])b = 0 • b = 0, as required. Hence we have the following exact sequence:
This shows that M is a weak tilting subcategory of modT . Combining with Lemma 4.9, the assertion follows.
Consequently, we have the following result.
Theorem 4.11. Let C be a triangulated category with a cluster tilting subcategory T . The functor H : C → Mod T induces a bijection 
A characterization of ghost cluster tilting objects
In this section, we always assume that C is a triangulated category with a Serre functor and with cluster tilting objects.
In Section 3, we have given the following notion.
Definition 5.1. An object X in C is called ghost cluster tilting if there exists a cluster tilting object T such that
In this case, X is also called T [1]-cluster tilting.
We recall the definition of relative cluster tilting objects from [YZ] . By Corollary 3.7(1) in [YZ] , we have |X ⊕ M | ≤ |T |. Since |X| = |T |, we know that M ∈ addX.
The following result was proved in [YZ, Corollary 3.7(2) ]. For the convenience of the readers, now we give a triangulated version of Bongartz's classical proof. Proof. Assume that X is a T [1]-rigid object, we take a triangle
where h is a right (addX)-approximation of T [1]. We claim that R := U ⊕ X is a T [1]-cluster tilting object in the sense of Definition 5.2.
Step 1: We show that R = U ⊕ X is a T [1]-rigid object. This shows that R = U ⊕ X is a T [1]-rigid object.
Step 2: We show that f is a left (addR)-approximation of T . 
Hence f is a left (addR)-approximation of T .
Step 3: We show that R = U ⊕ X is a T [1]-cluster tilting object in the sense of Definition 5.2.
Applying the functor Hom C (T, −) to this triangle where U , X 1 ∈ addR. By the equivalence (2.2) and Step2, we have that f is a left (addR)-approximation of Λ. By Theorem 2.10 and Step1, we have that R is a τ -rigid module. By Lemma 2.6, we know that R is a support τ -tilting Λ-module. By Theorem 2.10, we have that R = U ⊕ X is a T [1]-cluster tilting object in the sense of Definition 5.2.
Our main result in this section is the following. Using Lemma 5.3, we get a triangle
where X 2 ∈ addX. Starting with l 2 = l 1 f , we get the following commutative diagram by the octahedral axiom.
